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Zeroth law(s) First law Smarr formula Open questions

Black hole thermodynamics

0. κ,Φ, . . . = const. on H

1. δM = 1
8π κ δA+ ΦH δQ+ . . .

Smarr M = 1
4π κA+ ΦHQ+ . . .
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…and an auxiliary relation:

Bardeen–Carter–Hawking mass formula

M =
1
4π κA+ 2ΩHJ − 2

∫
Σ

(
⋆T (χ)− 1

2 T ⋆χ

)
…for a Killing horizon H[χ] generated by χa
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Relations among formulae

Smarr

BCH 1st law
equilibrium

1st law
phys. proc.

covariant phase space form.

0th law
δ

integration
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Going beyond Einstein and Maxwell

I Einstein’s GR

→ Lovelock, grav. Chern-Simons, f(R) theories, …

I Maxwell’s electrodynamics

→ nonlinear electrodynamics
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Basic elements of NLE

I two EM invariants: F := FabF
ab and G := Fab ⋆F

ab

I NLE Lagrangians:

F-class L (F)

FG-class L (F,G)

I auxiliary 2-form: Zab := −4(LF Fab + LG ⋆F ab)

I generalized Maxwell’s eqs.: dF = 0 , d ⋆Z = 0
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Inception of NLE in 1930s

Max Born, Leopold Infeld, Werner K. Heisenberg, Hans H. Euler

I Max Born (1933): an upper limit b for the field strength

L (Born) = b2

(
1−

√
1+ F

2b2

)

7



Zeroth law(s) First law Smarr formula Open questions

Inception of NLE in 1930s

Max Born, Leopold Infeld, Werner K. Heisenberg, Hans H. Euler

I Max Born (1933): an upper limit b for the field strength

L (Born) = b2

(
1−

√
1+ F

2b2

)

7



Zeroth law(s) First law Smarr formula Open questions

Inception of NLE in 1930s

I Born–Infeld (1934)

L (BI) = b2

(
1−

√
1+ F

2b2 −
G2

16b4

)

I Euler–Heisenberg (1935): one-loop QED corrections to
classical Maxwell

L (EH) = − 14 F +
α2

360m4
e

(
4F2 + 7G2

)
+O(α3)
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This talk: recent results

BJS 2021
A. Bokulić, T. Jurić and I.S.:
Black hole thermodynamics
in the presence of NLE fields
PRD 103 (2021) 124059 [2102.06213]

GS 2018
L. Gulin and I.S.: Generalizations of the Smarr
formula for black holes with NLE fields
CQG 35 (2018) 025015 [1710.04660]
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Recent results

Smarr

BCH 1st law
equilibrium

1st law
phys. proc.

covariant phase space form.

0th law
δ

integration

A. Bokulić, T. Jurić, I.S. PRD 103 (2021)
L. Gulin, I.S. CQG 35 (2018)

Zhang, Gao CQG 35 (2018)
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Zeroth law(s)
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Zeroth law(s) on a Killing horizon H[K]

surface gravity Kb∇bK
a H
= κKa

electric potential E := −iKF = −dΦ

magnetic potential H := iK⋆Z = −dΨ

κ,Φ,Ψ
H
= const.

proof via … κ Φ,Ψ for Maxwell

Einstein’s EOM Bardeen et al. 1973 Carter 1973

bifurcation surface Kay & Wald 1991 Gao 2003

Frobenius’ theorem Carter 1972 I.S. 2012, 2014
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NLE generalizations

I via Einstein’s field eq. (Rasheed hep-th/9702087)

I via bifurcation surface (BJS 2021)

I via Frobenius’ theorem (BJS 2021)

⋆ circular case, k[amb∇ckd] = k[amb∇cmd] = 0

⋆ static case, k[a∇bkc] = 0

Ea = 0 or Ba = 0

Da = KbZab = 0 or Ha = Kb⋆Zba = 0
if (LF)

2 + (LG)
2 ̸= 0
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First law

13
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I variation of a field ϕ

δϕ(x) :=
∂ϕ(x;λ)

∂λ

∣∣∣
λ=0

I subtle issue: variation of coupling constants

δβi :=
∂βi(λ)

∂λ

∣∣∣
λ=0
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δL[ϕ;β] = E[ϕ;β] δϕ+Λi[ϕ;β] δβi + dΘ[ϕ, δϕ;β]

Jξ := Θ[ϕ,£ξϕ;β]− iξL[ϕ;β]

dJξ ≈ 0 , Jξ ≈ dQξ

ΩΣ[ϕ, δϕ,£ξϕ;β] =

∫
Σ
iξ(E δϕ+ δC)+

+

∫
∂Σ

(δQξ − iξΘ[ϕ, δϕ;β])−Ki
ξ(β) δβi

Ki
ξ(β) := −

∫
Σ
iξΛ

i[ϕ;β]
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NLE first law (BJS 2021)

δM =
κ

8π δA+ ΩH δJ + ΦH δQ+
∑
i

K i
χ δβi

K i
χ = − 1

4π

∫
Σ

∂L

∂βi
⋆χ

N.B.: Legendre transformation M = E+Ki
χ βi
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Smarr formula

16
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Generalized NLE Smarr (GS 2018)

M =
κA

4π + 2ΩHJ + ΦHQ+ΨHP +∆

∆ =
1
2

∫
Σ

T ⋆χ

…if L = σ−1f(σF, σG) then ∆ = σC
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Zeroth law(s) First law Smarr formula Open questions

First law→ Smarr formula

I rescaled field configurations (λ2gab, λνA)

I consistency: βi → λbiβi

I using δQ = dQ/dλ |λ=1

M =
κ

4π A+ 2ΩHJ + ΦHQ+
∑
i

biK
i
χβi
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Linearity of the Smarr formula

I crucial issue:
turning T⋆χ into d(Φ⋆Z), d(ΦF), d(ΨF) and d(Ψ⋆Z)

L = a(LFF+LGG)+ b
(
2LFLGF + (L 2

G −L 2
F )G
)
+ cG

I NLE with Maxwellian weak field limit,
LF(0, 0) = −1/4 and LG(0, 0) = 0 ⇒ …Maxwell!

I EM duality invariant case ⇒ b = 0 = c ⇒
L = F1/af(G/F) for F ̸= 0 or
L = G1/ag(F/G) for G ̸= 0

18
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Open questions

I generalize NLE Smarr with Λ, D = 3, D ≥ 5, etc.

I thermodynamic role of coupling parameters

I EiBI gravity w/ Maxwell ←→ GR w/ BI NLE
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Thank you for the attention!

This research has been supported by the
Croatian Science Foundation

under the project No. IP-2020-02-9614
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