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• Noether charge formalism for multipole moments.


• de Sitter spacetime in harmonic gauge.


• Residual gauge transformation and multipole symmetry vector field. 


• Perturbation of de Sitter in cosmological coordinates. 


• Multipole moments of Kerr-de Sitter spacetime.

Outline 
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• Geroch-Hansen Formalism: This requires stationary situation, along 
with asymptotically flat 3-metric. 


• Thorne formalism: Expansion of metric coefficients in powers of (1/r) in 
the ACMC coordinate system. 


• Noether charge formalism: Noether charges associated with vector 
fields preserving the harmonic gauge, connected with background 
asymptotically flat spacetime. 


• Kerr mass and spin moments:

Multipole Moment in Asymptotically 
Flat Spacetimes

[Backdahl and Herberthson, arXiv: gr-qc/0506086]

[Thorne, RMP 52, 299 (1980)]

[Compere, Oliveri and Seraj, arXiv: 1711.08806]

M2` = (�1)`Ma2` ; S2`+1 = (�1)`Ma2`+1 .
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[Hansen, JMP 15, 46 (1974)]

[Geroch, JMP 11, 2580 (1970)]
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• Harmonic gauge: The metric must satisfy                                         . For 
flat spacetimes,         satisfy harmonic gauge in Cartesian coordinates.  


• Residual gauge symmetry: Diffeomorphism by       will preserve the 
harmonic gauge, provided,                        . 


• Multipole symmetry vector: If this vector field       also preserve the 
asymptotic fall-off condition                                              , then it is referred 
to as the multipole symmetry vector. 


• Multipole moments: The Noether charge associated with the above 
vector field and a linearized solution         around background, will 
produce the multipole moments. 

Multipole Symmetry and Noether Charge 

@µ(
p
�ggµ⌫) = 0

<latexit sha1_base64="IMwA90XB6WJ3AZaIKvFrCn4PbhM=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpC0uigm6EohuXFewDmhgm00k7dDKJMxOhhPyBG3/FjQtF3Lp15984abPQ6oELh3Pu5d57/JhRqSzryyjNzS8sLpWXKyura+sb5uZWW0aJwKSFIxaJro8kYZSTlqKKkW4sCAp9Rjr+6DL3O/dESBrxGzWOiRuiAacBxUhpyTP3nRgJRRHzUidMspoj74RKDwfZ4DYXoMOT7ODc8syqVbcmgH+JXZAqKND0zE+nH+EkJFxhhqTs2Vas3DTfhRnJKk4iSYzwCA1IT1OOQiLddPJPBve00odBJHRxBSfqz4kUhVKOQ193hkgN5ayXi/95vUQFZ25KeZwowvF0UZAwqCKYhwP7VBCs2FgThAXVt0I8RAJhpSOs6BDs2Zf/kvZR3T6u29cn1cZFEUcZ7IBdUAM2OAUNcAWaoAUweABP4AW8Go/Gs/FmvE9bS0Yxsw1+wfj4BlminNI=</latexit>⌘µ⌫
<latexit sha1_base64="w+b61dpo+a8bg/hXS93wG7xTVBQ=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyqoMegF48RzAOya5iddJIhM7PLPJSw5D+8eFDEq//izb9xkuxBEwsaiqpuurvilDNtfP/bK6ysrq1vFDdLW9s7u3vl/YOmTqyi0KAJT1Q7Jho4k9AwzHBopwqIiDm04tHN1G89gtIskfdmnEIkyECyPqPEOOkhBEO6WSgsDqWddMsVv+rPgJdJkJMKylHvlr/CXkKtAGkoJ1p3Aj81UUaUYZTDpBRaDSmhIzKAjqOSCNBRNrt6gk+c0sP9RLmSBs/U3xMZEVqPRew6BTFDvehNxf+8jjX9qyhjMrUGJJ0v6luOTYKnEeAeU0ANHztCqGLuVkyHRBFqXFAlF0Kw+PIyaZ5Vg/NqcHdRqV3ncRTRETpGpyhAl6iGblEdNRBFCj2jV/TmPXkv3rv3MW8tePnMIfoD7/MHmuCSkw==</latexit>

⇠µ
<latexit sha1_base64="XofmjhoSjPG2Vvgd/RUcTbJqGXk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9nVgh6LXjxWsB/SXUs2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767UeqNIvlnRknNBB4IFnECDZWuvef2EPmi3TSK1fcqjsDWiZeTiqQo9Erf/n9mKSCSkM41rrruYkJMqwMI5xOSn6qaYLJCA9o11KJBdVBNjt4gk6s0kdRrGxJg2bq74kMC63HIrSdApuhXvSm4n9eNzXRZZAxmaSGSjJfFKUcmRhNv0d9pigxfGwJJorZWxEZYoWJsRmVbAje4svLpHVW9c6r3m2tUr/K4yjCERzDKXhwAXW4gQY0gYCAZ3iFN0c5L8678zFvLTj5zCH8gfP5AzCdkKg=</latexit>

⇤g⇠
µ = 0

<latexit sha1_base64="tC+RKyOjLRnbOructIV0cCdBVvY=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVUlU0I1QdOOygn1AE8NkOmmHzkziPMQSs/BX3LhQxK2/4c6/cdpmoa0HLhzOuZd774lSSqRy3W9rbn5hcWm5tFJeXVvf2LS3tpsy0QLhBkpoItoRlJgSjhuKKIrbqcCQRRS3osHlyG/dYyFJwm/UMMUBgz1OYoKgMlJo7/ryTkOBw6yX+w/kNvOZzs/d0K64VXcMZ5Z4BamAAvXQ/vK7CdIMc4UolLLjuakKMigUQRTnZV9LnEI0gD3cMZRDhmWQje/PnQOjdJ04Eaa4csbq74kMMimHLDKdDKq+nPZG4n9eR6v4LMgIT7XCHE0WxZo6KnFGYThdIjBSdGgIRIKYWx3UhwIiZSIrmxC86ZdnSfOo6h1XveuTSu2iiKME9sA+OAQeOAU1cAXqoAEQeATP4BW8WU/Wi/VufUxa56xiZgf8gfX5A5VFlnM=</latexit>

⇠µ
<latexit sha1_base64="XofmjhoSjPG2Vvgd/RUcTbJqGXk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9nVgh6LXjxWsB/SXUs2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767UeqNIvlnRknNBB4IFnECDZWuvef2EPmi3TSK1fcqjsDWiZeTiqQo9Erf/n9mKSCSkM41rrruYkJMqwMI5xOSn6qaYLJCA9o11KJBdVBNjt4gk6s0kdRrGxJg2bq74kMC63HIrSdApuhXvSm4n9eNzXRZZAxmaSGSjJfFKUcmRhNv0d9pigxfGwJJorZWxEZYoWJsRmVbAje4svLpHVW9c6r3m2tUr/K4yjCERzDKXhwAXW4gQY0gYCAZ3iFN0c5L8678zFvLTj5zCH8gfP5AzCdkKg=</latexit>

g0µ = ⌘0µ +O(1/r)
<latexit sha1_base64="4ZJD6kBBWvcYGxtdoVNmPhSRUb4=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApVISaqKAboejGnRXsBZoQJtNJO3QmCTMToYQ8gRtfxY0LRdy6dufbOGmz0OoPAx//OYc55/djRqWyrC+jtLC4tLxSXq2srW9sbpnbOx0ZJQKTNo5YJHo+koTRkLQVVYz0YkEQ9xnp+uOrvN69J0LSKLxTk5i4HA1DGlCMlLY8szb0UsvhSXbhEIUKPnQ4UiOMWHqT1e0jceCZVathTQX/gl1AFRRqeeanM4hwwkmoMENS9m0rVm6KhKKYkaziJJLECI/RkPQ1hogT6abTczJY084ABpHQL1Rw6v6cSBGXcsJ93ZnvKedruflfrZ+o4NxNaRgnioR49lGQMKgimGcDB1QQrNhEA8KC6l0hHiGBsNIJVnQI9vzJf6Fz3LBPGvbtabV5WcRRBntgH9SBDc5AE1yDFmgDDB7AE3gBr8aj8Wy8Ge+z1pJRzOyCXzI+vgFsqpuv</latexit>

hµ⌫
<latexit sha1_base64="mwn+Mq+62r7sIcB49xG7TH0GkG4=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzAN2lzA7mSRDZmaXeQhhyWd48aCIV7/Gm3/jJNmDJhY0FFXddHclGWfa+P63V1pb39jcKm9Xdnb39g+qh0dtnVpFaIukPFXdBGvKmaQtwwyn3UxRLBJOO8n4buZ3nqjSLJWPZpLRWOChZANGsHFSOOrlkbAoknbaq9b8uj8HWiVBQWpQoNmrfkX9lFhBpSEcax0GfmbiHCvDCKfTSmQ1zTAZ4yENHZVYUB3n85On6MwpfTRIlStp0Fz9PZFjofVEJK5TYDPSy95M/M8LrRncxDmTmTVUksWigeXIpGj2P+ozRYnhE0cwUczdisgIK0yMS6niQgiWX14l7Yt6cFkPHq5qjdsijjKcwCmcQwDX0IB7aEILCKTwDK/w5hnvxXv3PhatJa+YOYY/8D5/AFP+kUc=</latexit>

[Compere, Oliveri and Seraj, arXiv: 1711.08806]



 SUMANTA CHAKRABORTY (IACS) 	 	 	  	 MULTIPOLE MOMENT IN DS	 	 	   14TH SEPTEMBER 2021 	

• Global patch: The full box 
ABCD described by                        
as the coordinates. 


• Cosmological patch: The 
triangle ABD, described by 
coordinates                       or by 
the coordinates                       . 


• Static patch: The triangle 
AED, described by the 
coordinates                         .

Coordinate Charts of de Sitter 
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• We have to find out a new coordinate                               , which satisfies 
the following equation                          . 


• In the cosmological coordinates, we took                                             , while 
the time coordinate changes                    .


• The function          can be solved, by using the above differential equation. 


• de Sitter metric becomes, 

de Sitter in Harmonic Gauge
x̄µ = fµ(x↵)
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• The asymptotic fall-off condition must be preserved,                          . 


• This vector field       in the harmonic coordinate can be solved.   


• If this vector field has to satisfy residual gauge transformation, it follows 
that

Residual Gauge Transformation
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[SC, Hoque and Oliveri, arXiv: 2105.09971]
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• The complete multipole symmetry vector is


• It can be decomposed into three parts, 


                                                                                   (Mass Multipole Symmetry)


                                                                                    (Spin Multipole Symmetry) 


                                                                        (Momentum Multipole Symmetry)

Multipole Symmetry Vectors
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[SC, Hoque and Oliveri, arXiv: 2105.09971]
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• The Einstein’s equations when perturbed about dS background, linearly, 
the following wave equation is obtained, 


• Here,                                                       and                               . 


• Linearized equation simplifies, with gauge condition                                             


•  Then the spatial part and the temporal-spatial part of the perturbation 
is decoupled. Defining,                                                             , the temporal 
part is also decoupled.

Linearized Perturbation of dS 
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[SC, Hoque and Oliveri, arXiv: 2105.09971]
[Ashtekar, Bonga and Kesavan, arXiv: 1510.05593]
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• We also want to preserve the gauge condition used to simplify the 
linearized Einstein’s equations, under diffeomorphism.


• In addition it can be used to eliminate      and         . This provides the 
following differential equations for the time and spatial components of 
the diffeomorphism vector field, 


• The solution leads to the same vector field we have derived in the 
context of harmonic gauge. Provides an alternative derivation of the 
multipole symmetry vectors. 

Emergence of Multipole Symmetry 

eH
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[SC, Hoque and Oliveri, arXiv: 2105.09971]



 SUMANTA CHAKRABORTY (IACS) 	 	 	  	 MULTIPOLE MOMENT IN DS	 	 	   14TH SEPTEMBER 2021 	

• The vector field generating spin multipole moments can be decomposed 
into spherical harmonics 


• All even spin moments vanish, while odd spin moments are non-zero. 


• The first few spin moments become 


                                       ;                                                                                 ;


                                                                                                     .
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• The spherical harmonic decomposition of the mass multipole symmetry 
vector 


• Here                                                                                                       .


• Only even mass moments are non-zero, while all odd mass moments 
identically vanishes. The first few mass moments become


                                            ;                                               ;
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• de Sitter spacetime has been expressed in 
harmonic coordinates. 


• The residual gauge symmetry helped to 
determine the multipole symmetry vector.


• Identical vector appears from preserving 
gauge conditions of linearized 
perturbations around de Sitter. 

Conclusion-I
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• The Noether charge associated with these 
multipole symmetry vector for Kerr-de Sitter 
spacetime provides the mass and spin multipole 
moments. 


• These differ from the Geroch-Hansen moments 
by factors              and               . 


• Reduces to the correct expressions for Kerr BH 
spacetime in the limit                .  

Conclusion-II
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