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Introduction

Einstein-Maxwell + A-term: ‘

1 1
Rabp — ERgab + Ngap = FacFp© — ZgachdFCd

’ Robinson-Trautman: ‘

the Debever-Penrose vector k is

® geodesic and shearfree (k = 0 = 0)
® non-rotating (Sp = 0)
e diverging (p # 0)
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Introduction

Aren't all these known?

(Stephani et al. : Debever 1971 "doubly aligned", Leroy 1976 all
others)

. “doubly aligned”: both real PND’s of F are parallel to
Debever-Penrose vectors

. “(half-)aligned”: at least one PND of F is parallel to a
Debever-Penrose vector

. “non-aligned”: no PND's of F are parallel to a
Debever-Penrose vector
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Introduction

However

® Stephani et al. is based on the standard Robinson-Trautman
line-element, requiring

R,pm®mP = R,pk?k? = R,ym?kP =0

hence alignment ...

® Leroy 1976 assumes the Maxwell PND k to have
k=0 =Sp =0, implying alignment by Goldberg-Sachs ...

So the question remains

What about any non-aligned solutions?
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Non-aligned E-M

Theorem (NVdB, Gen.Rel.Grav. 2017 ):

k multiple Debever-Penrose vector with kK =0 =0
and
k no PND of F —> F non-null and A=0

Corollary for type D:

If both Debever-Penrose vectors k and £ of a type D
Einstein-Maxwell solution are geodesic and shear-free
(k=0=A=v=0) then
N£E0=
Plebanski and Demianski 7-parameter metric
(Ann.Phys. 1976)

...what if A =07
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GHP formalism

(Geroch, Held and Penrose, J.Math.Phys. 1973)
e,e,es,ea=mm Ll kwithk-£=—-1m-m=1
Under boosts

k — Ak, £ — A2

and spatial rotations '
m— e’m
well-weighted variables 1 of weight [p, ] transform as

p+q ,p ag

n— Az n

(1 has boost-weight = 222 and spin-weight = 259).
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GHP formalism

Basic variables:

k="T414, T=T413, o="T411, p="T412,

v=">p3, m™="T23s, A=TI232, pn="o31,
(rabc = T pac = eavc(eb))y
®op, P22, o1, P12, Po2, P11,

R7 WO,wl,W2,W3,w4.
a, 3,¢,v get absorbed in b, P’, 0,0

bn = (D — pe—qé)n
P'n =(A—py—aq7)n
on = (6 —pB—qa)n
o'n = (8 —pa—qB)n
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GHP formalism

Symmetry transformations:
® complex conjugation

® prime transformation:

k< £, m<+ m,

K& —U, T4 —T, 0 =N\ p—U,
Q> Py joj, Vi Vy
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GHP formalism

Basic equations:

® 6 complex Ricci equations
Pr—Pr=(r—7)p+(F—7")o+ do1 + V1,
Op—0c=(p—p)7+ (7 — o)k + do1 — V1,
Po— 0k = (p+p)o— (T+ 7 )k + Wy,
Pp— 0k = p? + 06 — kT — k7' + Doy,
Po—0r=o0p —Xp— 712+ ks — Dga,
1
P'p—fi'T:pﬁ’—)\J—T%—i—m/—\Ug—ER
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GHP formalism

® Maxwell equations

bPo; — 6,(130 = 7+ 2,04)1 — k®>
bo, — 6,¢1 = —A®y+27Py + ,0(D2

® 9 complex + 2 real Bianchi equations

® commutator relations
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GHP system for double RT type D

For simplicity assume "double RT" (with doubly aligned analogues
the 2-parameter Reissner and 4-parameter charged C-metric):

o k=v=0=MX=0

°*ppeR
e 7+7=0(mAdm=0)
° Bydy — dF #£0

and define extension variables
® R=Ddy,,S=00,,T = -Pp
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GHP system for double RT type D

Ricci and Bianchi equations:

Op =GPy, Pp = p* + Ggdo,P'p = T,
Or =R —pu+T — W, 01 = -0y — 72, P/r = — D0,
b, = pdy — 270, — R, D'y = —2ud; + 7dy + S,
by =S, 0y =0, Pdy =R, B'dy =0,
OV, = 2pd Py + 27D D — P8 + PR — 37V,
PV, =2pd;®; + 27D Py — &18" + SR’ + 3pVs,
D'V, = —2ud1®q + 27D Dy + D15 — DR — 3uVs,

with 7/ =7 and W, = V5.
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'S
P'S
IR
P'R

and

integrability conditions

=2(Wy — ©11 — pu )Py,

= 2(uT — P1Py) Py — 1S,

= —2(P1®g + mp)dy — TR,

= (277 — 20101 + W5)d, — 3(uR — 7S),

¢2W2—MR+7TS:0
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integrability conditions

With w = S/ (0,0)-weighted it follows that
mow + 7' w’ =...,
p®edw — pd0'w’ = ...

o if umr®g + pTP, #£ 0 then doubly aligned
o if ur®y + pTP, = 0 then real (0,0)-weighted quantities
f,g,wp and a constant Gy (|Cy| = 1) exist such that

. @y = punGof, &1 = Gog, P = —umGof |

. W= C()W()
T =V + pu(l + £277) — wof 1
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export GHP to NP

o fix the tetrad such that
pw=-ep(e==+1)and r = —7 (€ R),

hence
Pg = P

e define

h:WO_zgaj:f\U2+2g_WOa

Q! = ew® —w?, 0% =w! +w?

Cartan’s equations become

A0 = —7QIAQ2, d02 = pQl A Q2
do? =¥ A (-mh — e+ M),
dw4 = w4 A\ (—'ﬂ'wl - 71'w2 22gpfj w3) & UN%VEW



while

df = f[(f*x°p — fgp + p)'

translate from GHP to

+ (—ef’mp? — fgm + 7)),

dg = —QN(fr° — h)p+m(efp® — )P,
dh = h[(f>x%p — 2p)Q — (fg + 2)7Q?],
dji = jl-(fg +2)p + (—ef?mp® —2m)Q7,

1 .
dp =—o f(2ef3ﬂ2p +2ef p? — 2g + /) + QP fgmp,
dr = f(2ef3 —2fn? — 2g — h)Q? + Q fgmp.
e integrable!

® abelian G

NP
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integration

Introduce coordinates such that

wl —w? = Pdz, ew? +w* = Qdt,
Q! = Bdu, Q2 =Cdyv,

Then 7 =B,,/(BC) and p =C,, /(BC) with B/C separable in u,v
and hence B = C, while P and Q follow from

dlog(B%) = Bfn(pnfdv — gdu),
d Iog(Bﬂ) = —Bfp(eprfdu + gdv).

™
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When hj # 0 functions ¢ = ¢(u),{ = £(v) exist such that

and

P =B, Q=B
_ S &
— B2 P T kB

™

= hjB®,

JjBe?
ot
hBg? _

=B + e

2 1
= —hB% — Lp,

hj # 0
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hj # 0

with the metric given by,

2
= %(duz + edv? — e€?dt? + ¢2dz?),

but ...with a nasty system of pde's (for h, j, B) and ode’s (for ¢, &).

ds?
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hj # 0

Defining y = [ ¢du,x = [ &dv

k2132

ds® =
ST

(c2dy? + e£72dx? — e£2dt? + ¢2dZ?),
with
2 _ o 2 2 P, = _
B™ =xy" —yx® = S (x —y)" — 2e(2x — y)=0 + 2(x — 2y)To + ¢

€2 =2ex*+350x> — (p(eTo + o) + eq)x + (2% — =0)? + 3epq
2 =-Ly* +3%0y% + (p(e=o + o) — q)y — (2Z0 — eX0)? — 3pq
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When h =0 # j,
X = =op — 1273
B2 =(x-— 6e_—0)y2 + Sgy - %xz —2Yox + ey
= =0 =0
> _ =0 3 3e o= 3 2
£ = 3 X —px+4§(8_ozop—9620+3q)
=0
2 =1yt 43%0y% - 2= — qy + 313
When j =0 # h,
_ = ha eq _ eYop — 12=2
2 = (6e=2 — y)x2 — =2y 4 3T x —pezgy 4 S0P 220
B (eZO y)x 3 + ZOX e=oy + T

£ = %x“ +359x% + %0 +agx— 3e_-%
20 3 —
2 _ 3 =y =3 2
S = ?y — epy + H(S_O op — 966_0 — 3q )
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properties

e 3 distinct 5-parameter solutions

® abelian G, and admit a valence 2 Killing spinor
® all solutions with e = +1 are

. static in the domain where 32,¢?, €2 are positive, with
time-like Killing vector 9,

. have parallel electrostatic and magnetostatic field vectors
(cf. Das J Math Phys 1979)
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properties

¢ re-defining the parameters and transforming (t,z,y,t) —
(V2A 1ta=2 V2A  za 2 (mAy + 1)a*, (mAx — })a),
the hj # 0 solution yields for a — 0 the vacuum C-metric,

1

ds? = ———
T T A(x 1)

1 1
FMF+®¥+?M+E®% (1)

(F(x) = =1+ x?> —2Amx3® and G(y) = —F(—x)).
® the charged C-metric (F(x) = —1 + x? — 2Amx® + ¢%x*,
G(y) = —F(—y)) appears not to be a limit
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Thank you!
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Non-aligned E-M

[non—null non-aligned EM with multiple DP-vector k)

[k]2 + o] #0

this talk

“spinning CS" (type Ill)
CQG, VdB 2018
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