
Robinson-Trautman Einstein-Maxwell �elds of

Petrov type D

Norbert Van den Bergh 1 and J. Carminati 2

1Dept. of Electronics and Information Systems, Ghent University, Belgium

2School of Information Technology, Deakin University, Australia

Class. Quantum Grav. 37, 21, 2020



Introduction

Einstein-Maxwell + Λ-term:

Rab −
1

2
Rgab + Λgab = FacFb

c − 1

4
gabFcdF

cd

Robinson-Trautman:

the Debever-Penrose vector k is

• geodesic and shearfree (κ = σ = 0)

• non-rotating (ℑρ = 0)

• diverging (ρ ̸= 0)



Introduction

Aren't all these known?

(Stephani et al. : Debever 1971 "doubly aligned", Leroy 1976 all

others)

. �doubly aligned�: both real PND's of F are parallel to

Debever-Penrose vectors

. �(half-)aligned�: at least one PND of F is parallel to a

Debever-Penrose vector

. �non-aligned�: no PND's of F are parallel to a

Debever-Penrose vector



Introduction

However

• Stephani et al. is based on the standard Robinson-Trautman

line-element, requiring

Rabm
amb = Rabk

akb = Rabm
akb = 0

hence alignment . . .

• Leroy 1976 assumes the Maxwell PND k to have

κ = σ = ℑρ = 0, implying alignment by Goldberg-Sachs . . .

So the question remains

What about any non-aligned solutions?



Non-aligned E-M

Theorem (NVdB, Gen.Rel.Grav. 2017 ):

k multiple Debever-Penrose vector with κ = σ = 0

and

k no PND of F =⇒ F non-null and Λ = 0

Corollary for type D:

If both Debever-Penrose vectors k and ℓ of a type D

Einstein-Maxwell solution are geodesic and shear-free

(κ = σ = λ = ν = 0) then

Λ ̸= 0 =⇒
Pleba«ski and Demia«ski 7-parameter metric

(Ann.Phys. 1976)

. . . what if Λ = 0?



GHP formalism

(Geroch, Held and Penrose, J.Math.Phys. 1973)

e1, e2, e3, e4 ≡ m, m̄, ℓ, k with k · ℓ = −1,m · m̄ = 1

Under boosts

k → Ak , ℓ → A−1ℓ

and spatial rotations

m → e iθm

well-weighted variables η of weight [p, q] transform as

η → A
p+q
2 e i

p−q
2

θη

(η has boost-weight = p+q
2 and spin-weight = p−q

2 ).



GHP formalism

Basic variables:

κ = Γ414, τ = Γ413, σ = Γ411, ρ = Γ412,

ν = Γ233, π = Γ234, λ = Γ232, µ = Γ231,

(Γabc = −Γbac ≡ ea∇c(eb)),

Φ00,Φ22,Φ01,Φ12,Φ02,Φ11,

R,Ψ0,Ψ1,Ψ2,Ψ3,Ψ4.

α, β, ϵ, γ get absorbed in Þ,Þ′,ð,ð′:

Þη = (D − pϵ− qϵ̄)η

Þ
′η = (∆− pγ − qγ̄)η

ðη = (δ − pβ − qᾱ)η

ð′η = (δ̄ − pα− qβ̄)η



GHP formalism

Symmetry transformations:

• complex conjugation

• prime transformation:

k ↔ ℓ,m ↔ m̄,

κ ↔ −ν, τ ↔ −π, σ ↔ −λ, ρ ↔ −µ,

Φij ↔ Φ2−i 2−j , Ψi ↔ Ψ4−i



GHP formalism

Basic equations:

• 6 complex Ricci equations

Þτ − Þ
′κ = (τ − τ̄ ′)ρ+ (τ̄ − τ ′)σ +Φ01 +Ψ1,

ðρ− ð′σ = (ρ− ρ̄)τ + (ρ̄′ − ρ′)κ+Φ01 −Ψ1,

Þσ − ðκ = (ρ+ ρ̄)σ − (τ + τ̄ ′)κ+Ψ0,

Þρ− ð′κ = ρ2 + σσ̄ − κ̄τ − κτ ′ +Φ00,

Þ
′σ − ðτ = σρ′ − λ̄ρ− τ2 + κν̄ − Φ02,

Þ
′ρ− ð′τ = ρρ̄′ − λσ − τ τ̄ + κν −Ψ2 −

1

12
R



GHP formalism

• Maxwell equations

ÞΦ1 − ð′Φ0 = πΦ0 + 2ρΦ1 − κΦ2

ÞΦ2 − ð′Φ1 = −λΦ0 + 2πΦ1 + ρΦ2

• 9 complex + 2 real Bianchi equations

• commutator relations



GHP system for double RT type D

For simplicity assume "double RT" (with doubly aligned analogues

the 2-parameter Reissner and 4-parameter charged C-metric):

• κ = ν = σ = λ = 0

• Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0

• ρ, µ ∈ R
• τ + π̄ = 0 (m ∧ dm = 0)

• Φ0Φ2 − Φ2
1 ̸= 0

and de�ne extension variables

• R = ÞΦ2,S = ðΦ2, T = −Þ′ρ



GHP system for double RT type D

Ricci and Bianchi equations:

ðρ = Φ0Φ1,Þρ = ρ2 +Φ0Φ0,Þ
′ρ = −T ,

ðπ = −ππ̄ − ρµ+ T −Ψ2, ð′π = −Φ2Φ0 − π2,Þ′π = −Φ2Φ1,

ðΦ1 = µΦ0 − 2π̄Φ1 −R′,Þ′Φ1 = −2µΦ1 + π̄Φ2 + S,
ðΦ2 = S, ð′Φ2 = 0, ÞΦ2 = R, Þ′Φ2 = 0,

ðΨ2 = 2ρΦ1Φ2 + 2π̄Φ1Φ1 − Φ2S ′ +Φ1R′ − 3π̄Ψ2,

ÞΨ2 = 2ρΦ1Φ1 + 2π̄Φ1Φ0 − Φ1S ′ +Φ0R′ + 3ρΨ2,

Þ
′Ψ2 = −2µΦ1Φ1 + 2πΦ1Φ2 +Φ1S − Φ2R− 3µΨ2,

with T ′ = T and Ψ2 = Ψ2.



integrability conditions

ð′S = 2(Ψ2 − Φ1Φ1 − ρµ)Φ2,

Þ
′S = 2(µπ̄ − Φ1Φ2)Φ2 − µS,

ð′R = −2(Φ1Φ0 + πρ)Φ2 − πR,

Þ
′R = (2ππ̄ − 2Φ1Φ1 +Ψ2)Φ2 − 3(µR− πS),

and

Φ2Ψ2 − µR+ πS = 0



integrability conditions

With w = S/µ (0, 0)-weighted it follows that{
πðw + π̄ð′w ′ = . . . ,

µΦ0ðw − ρΦ2ð′w ′ = . . .

• if µπΦ0 + ρπ̄Φ2 ̸= 0 then doubly aligned

• if µπΦ0 + ρπ̄Φ2 = 0 then real (0, 0)-weighted quantities
f , g ,w0 and a constant C0 (|C0| = 1) exist such that

. Φ0 = ρπ̄C0f , Φ1 = C0g , Φ2 = −µπC0f ,

. w = C0w0

. T = Ψ2 + ρµ(1+ f 2ππ̄)− w0f
−1



export GHP to NP

• �x the tetrad such that

µ = eρ (e = ±1) and π = −τ (∈ R),

hence

Φ0 = Φ2

• de�ne

h = w0 − 2g , j = fΨ2 + 2g − w0,

Ω1 = eω3 − ω4, Ω2 = ω1 + ω2

Cartan's equations become

dΩ1 = −πΩ1 ∧Ω2, dΩ2 = ρΩ1 ∧Ω2,

dω3 = ω3 ∧ (−πω1 − πω2 + e 2g−j
2ρf ω4),

dω4 = ω4 ∧ (−πω1 − πω2 − 2g−j
2ρf ω3)



translate from GHP to NP

while

df = f [(f 2π2ρ− fgρ+ ρ)Ω1 + (−ef 2πρ2 − fgπ + π)Ω2],

dg = −Ω1(f π2 − h)ρ+ π(ef ρ2 − j)Ω2,

dh = h[(f 2π2ρ− 2ρ)Ω1 − (fg + 2)πΩ2],

dj = j [−(fg + 2)ρΩ1 + (−ef 2πρ2 − 2π)Ω2],

dρ = − 1

2ef
(2ef 3π2ρ2 + 2ef ρ2 − 2g + j)Ω1 +Ω2fgπρ,

dπ =
1

2f
(2ef 3π2ρ2 − 2f π2 − 2g − h)Ω2 +Ω1fgπρ.

• integrable!

• abelian G2



integration

Introduce coordinates such that

ω1 − ω2 = iPdz , eω3 + ω4 = Qdt,
Ω1 = Bdu, Ω2 = Cdv ,

Then π = B,u/(BC) and ρ = C,v/(BC) with B/C separable in u, v
and hence B = C, while P and Q follow from

d log( Q
Bρ) = Bf π(ρπf dv − gdu),

d log( P
Bπ ) = −Bf ρ(eρπf du + gdv).



hj ̸= 0

When hj ̸= 0 functions ς = ς(u), ξ = ξ(v) exist such that

P = Bς, Q = Bξ,

π =
ς

jB2
, ρ =

ξ

hB2
,

and

f = hjB5,

g = ejB2ξ′ + e
jBξ2

h
+ 1

2 j

= −hB2ς ′ − hBς2

j
− 1

2h,



hj ̸= 0

with the metric given by,

ds2 =
B2

2
(du2 + edv2 − eξ2dt2 + ς2dz2),

but . . . with a nasty system of pde's (for h, j ,B) and ode's (for ς, ξ).



hj ̸= 0

De�ning y =
∫
ςdu, x =

∫
ξdv

ds2 =
k2B2

2
(ς−2

dy2 + eξ−2
dx2 − eξ2dt2 + ς2dz2),

with

B−2 = xy2 − yx2 − p

2
(x − y)2 − 2e(2x − y)Ξ0 + 2(x − 2y)Σ0 + q

ξ2 = e
4x

4 + 3Ξ0x
2 − (p(eΣ0 + Ξ0) + eq)x + e(2Σ0 − Ξ0)

2 + 1
2epq

ς2 = −1
4y

4 + 3Σ0y
2 + (p(eΞ0 +Σ0)− q)y − (2Ξ0 − eΣ0)

2 − 1
2pq



hj = 0

When h = 0 ̸= j ,

B−2 = (x − 6e
Σ0

Ξ0
)y2 + 3

eq

Ξ0
y − eΞ0

3
x2 − 2Σ0x + e

Ξ0p − 12Σ2
0

Ξ0

ξ2 =
Ξ0

3
x3 − px +

3e

4Ξ2
0

(8Ξ0Σ0p − 96Σ3
0 + 3q2)

ς2 = −1
4y

4 + 3Σ0y
2 − p

3Ξ0 − qy + 3Σ2
0

When j = 0 ̸= h,

B−2 = (6e
Ξ0

Σ0
− y)x2 − Σ0

3
y2 + 3

eq

Σ0
x − 2eΞ0y +

eΣ0p − 12Ξ2
0

Σ0

ξ2 = e
4x

4 + 3Ξ0x
2 + p

3Σ0 + qx − 3eΞ2
0

ς2 =
Σ0

3
y3 − epy +

3

4Σ2
0

(8Ξ0Σ0p − 96eΞ3
0 − 3q2)



properties

• 3 distinct 5-parameter solutions

• abelian G2 and admit a valence 2 Killing spinor

• all solutions with e = +1 are

. static in the domain where B2, ς2, ξ2 are positive, with
time-like Killing vector ∂t ,

. have parallel electrostatic and magnetostatic �eld vectors
(cf. Das J Math Phys 1979)



properties

• re-de�ning the parameters and transforming (t, z , y , t) →

(
√
2A−1ta−2,

√
2A−1za−2, (mAy + 1

6)a
4, (mAx − 1

6)a
4),

the hj ̸= 0 solution yields for a → 0 the vacuum C-metric,

ds2 =
1

A2(x + y)2
(−Fdt2 + Gdz2 +

1

F
dx2 +

1

G
dy2), (1)

(F (x) = −1+ x2 − 2Amx3 and G (y) = −F (−x)).

• the charged C-metric (F (x) = −1+ x2 − 2Amx3 + q2x4,
G (y) = −F (−y)) appears not to be a limit



Thank you!



Non-aligned E-M

non-null non-aligned EM with multiple DP-vector k

|κ|2 + |σ|2 ̸= 0

?

κ = σ = 0

Λ = 0, ρ ̸= 0

π = 0

ℑρ ̸= 0

µ = 0

ℜρ ̸= 0

?

ℜρ = 0

�spinning CS� (type III)
CQG, VdB 2018

ℑρ = 0

Gri�ths
GRG 1986

π ̸= 0

ℜρ ̸= 0

this talk

null-rotate about k such that Φ1 = 0


