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1. The centerless
BMS4 charge algebra



Infrared structure of gravity

AdS case A < 0. Flat case A = 0. dS case A > 0.

“The Hamilkonian in General Qataﬁviﬁj s a sur{aae term.
Therefore, gravity is holographic!




Infrared structure of gravity

AdS case A < 0. Flat case A = 0. dS case A > 0.
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Boumdarj conditions -» ¢xlobal symmetries

AdS case A < 0. Flat case A = 0. dS case A > 0.

Poincaré Group S0(d,1)
BMS Supar&r&msta&iov\s OR Nowne
BMS Su[ver—l..c}rem&z OR A-BMS

Conformal group S0(d-1,2)
OR Nowne
OR A-BMS




Dirichlet Anki-de Sikker

[Fefferman-Graham
theorem]

1. SCLUTION

1 1 . .
Yab = 5 9a + p 9 + 9oy + P9 +O(P%)

Two holographic fields: the bou,wim'j mekbric 9(0)

ab
and the stress-tensor Tab

there are S0(2,3) symmetries.

Lol mg L 0T — g (Tos).

AdS case A < 0.

The associated charges are conserved and represen&
the group SO(2,3) under the Peierls braciket

Q£ sk /SdQQTabﬁ?o)nb, {Q£7 Qn} i Q[ﬁﬂ?]

3. CHARGES 2. SYMMETRY



Asymptotically Flat Spacetimes: Null infinity

Grauge fixing :
Rondl / Newman-Unkl coordinates
gar— 10 g =1, gy Rl xA = {97 ¢}

ds* = ewzdu2 — 2e*dudr + gap(dz? — UAdu)(dz® — UBdu)

r

1. SCLUTION

. 1 1
gap=1"qap+71Cuap+ Dyp+ . Exp + o Fap+O(r?)

Infinite humber of holographic fields:
the bou,sr\c(ocrcj metric g4 B , the shear Cup(u,z%)

mass m(u,z” ) and amautar momentum aspects Na(u, mc)
subleading aft,ei.ds Eap(u,z%), Fap(u,z°)

Flat case A = 0.

Flux-balance Laws:

8um —— DA(’ . ) = HARD TERMS(NAB),



1. Su[verﬁmmsm&mms

1 1
2 (0sTé0 +
P00 L0+ o

T(0,$)ou + lvaar -

: 05Toy) + ...

o The associated Noether charge is the Bondi mass aspect
mlu,xA) integrated over the celestial sphere

o The 4 lowest harmonics are the kranslakions associated
with Momenta,

o Super&ramsla&ioms Eransitions are associabted wikh
disptacemem& memory and are caused bj any null radiakion
exiting null infinity

11. Super-Lorentz transformations

R SYMMETRY

LuD AR, + (—%(7" +u)DsRY + O(=)0, + (R — %DADBRB + 0(%))8,4

1
”

2

7

o Associated Noether charge: Nalu,xA) integrated over the celestial
Flat case A = 0. sphere (after renormalization of radial divergences)

o The & lowest harmonics are associated with the Lorentz charges:
angular momentum and center-of-mass charge (orbital angular
momentum).

Symmetry group = Vect(S?) x Diff(S*) o Lorentz transformations are asymptotic symmetries. Super-
Lorentz transformations are asymptotic symmetries after

G’QMQT’QLL;{_&G& BMS4 SrOMF renormalization,

o Superrotations and superboosf:s



Flat case A = 0.

3. CHARGES

Q1 (e /Sdzsm(u,a:C)T(xC)

9 (i /S 28 T 4 (u, 2C) RA(2C)

Junction condition between past
and future null E,wfi.ni?:v:
Antipodal map ab spatial infinity

Scattering around Minkowski obeys

Fr r :/ du@uQ;’R(u) :/ dv0yQr r(v)

0 = OO

This is the Ward identity of BMS
symmetry, It is equivalent to the
leading and subleading soft theorems.



BMS4 flux QSjmpwEw symmelry algebra

Grivein a eresamy&mvx

HARGES

m = 1m —+ f(QABacABaNAB)7
Nao=Na+ falgap, Cap;Nip)

and bou,v\ciarj conditions at Pasﬁ/‘fuﬁu,re times,

U

3.

The BMS4 algebra can be represented under the
Pelerls bracket without central extension

{FT17FT2} :Oa

Flat case A = 0. 1

{FRl 9 FTz} i FR1 (T2)> Ri(Tz) = (RfaA ¥ §DAR14)T2

{FR17FR2} o F[Rl,R2]

[Campiglia, Peraza, 2020]

Prescripbtion tor the experts: :
P d P [G.C., Floruccl, Ruzziconi, 2020]

VIR THE- AB
M =M +3CapNG2,
Its quantization leads ko the soft graviton theorems.

B.T. -1 3
Na = NeHuounr + 7CanDeCPC + =04(CpcC™).



2. The anqular
momentum it K




Three ambiquities to define I

1. Center-of-mass frame

SO(2) c SO(3) c SO(3,1)

- Pauli-Lubanski spin Pseucic:-mvec:&or Wy = s€uvped P P?

- Local rotkakion vector

In &R, the 4-momentum evolves according to the

mass loss formula:

C2

- 3G jéOABCABk“ k* = (1,n;)




Three ambig

2 . Super&mmstaﬁam

uibies to define I

frame

SO(2) C SO(3) C SO(3,1) C SO(3,1) x Vect(S?)

- Boumdarj condikion on kthe shear

CaBluctos =2D D@ 4, p D TREE + O(u).

0C'~

- Fix super%mmsm&iom

=1(0.¢)
ﬁframe oaf r 500 s 0 (1)

¢ — 0

- The displacement memory effect is generally present



Three ambiquities to define I
3. amambigm&vj

3

a 1 _ ,
,_77;( ) = ——feADi?Dni (NA — gC'ABDCcBC)
S

2 4G

For all «
(L) Vanishing for Minkowsii
(L) Standard I of Kerr
(iit) Locally constructed from tensors
(iv) Ob@.:j the BMS atgebra

(v) Sa&s&v the BMS flux-balance Laws



Three ambiquities to define I
3. awo\mbigm&v

Nae % 60 DoOBC
A 1C2 ABL/C

Definitions used in the Literature:

o=l S g P et A R e
1) - § (st Benspo) <o .

i 326;: e ]i A2 el fapditfir — 2fiaf:a) [Landau-Lifshitz]

4= e, ST SR e ]

(Vi) No background structure required

(vil) Axisvmme&rj meu@;s I=0



Three ambiquities to define I
3. amambigu&v

2 4G

a 1 _ 3
,_77;( ) = ——feADi?Dni (NA — gC'ABDCcBC)
S

Definitions used in the Literature:

Sktrominger, Zhiboedov, 2014 ]

 Pasterski, Strominger, Zhiboedov, 2015]
.C., Floruccl, Ruzziconi, 2020

e — i

The change of definition leads to a numerically 0.01%-0.1% effect for binary
coalescences [Elhashash, Nichols, 2021]

(Vi) Background skructure required (radial foliakion)
(vit) Generalized BMS group represented
(ncluding super-Lorentz)

{FT]_7FT2}:O7 {FR17FT2}:FF12]_(T2)7 {FR17FR2}:F[R1,RQ]
Ri(T3) = (R{'0a — D4R



3. Extension of the
BMS group to (A)AS



Queskion

@ [ hree-dimensional case :

Asymptotically flat :
BMS3 = Diff(S') x Vect(S')

[Ashtekar-Bicak-Schmidt '96]

Asymptotically AdSs :
Diff(S*) x Diff(S?)

[Brown-Henneaux '86]

[Barnich-Compére '07]

@ Four-dimensional case :

Asymptotically flat :
BMSs = Diff(S%) x T

[Bondi-van der Burg-Metzner '62]

Asymptotically AdSs :

77
[Sachs '62]
[Barnich-Troessaert, ‘11][Campiglia-Laddha, '15]




Universal BMS skructure (

AdS case A < 0. Flat case A = 0. dS case A > 0.

Boumdmj skructure: codimension 2

“Bc:fwf\ciarv qauge ﬁxib«g”: Fixing a and a measure

ds® = sign(A)du2 Cgarde de v/ q




A dic%wvxarv exists between distinct bullke qauqes

AdS case A < 0. Flat case A = 0. dS case A > 0.

Fefferman-Graham SEa\robLMsh&j

0 a 0 a
gC(Lb)7T 5 gcg,b)7T ;




Definitions

Skarobins ey /
Fefferman-Graham
(SFG) gauqe

Bondi gauge

(U0 2

#)




The dickionary between Bondi and
SE&robmswj/ ﬁef?ermav\-@rakam gauge
has been worked ouk

o Owne can solve the large radius
expansion of Einstein’s equations in
bokh qauges

o A diffeomorphism exists between the
two gauges when A#£0

o The (2-covariant) map between the free
fields in each gauge can be formulated

[Poole, Skenderis, Taylor, 201% ]
[&.C., Florucel, Ruzziconi, 2019



Solubion spa{':e (ALLAYLS,)

SFG gauge Bondi gauqge

ds* = ewzdu2 — 2e®dudr + gap(dz? — UAdu)(dz® — UBdu)

r

. 1 1 _
QAB:TZQAB+7'CAB+DAB+;EAB+ﬁFAB+@(T %)

1 1
Yab = —5 Gp + — ; gy + 9 +pay +0O(p)

p

G theorem] § 1) 1 @
[ : ] ‘ UA - Uéq(ua xB) + UA(U, xB)_ + UA(UJ xB)_
5 r r
(3) 1 (L3)

+ U u, 2P ) +UA(u ) —

AN A 1 CABC
Bu,r,2") = Bo(u, z )+r_2[_§ AB]

1 3

+ [ — 550848 - —'@ABCDA +

’7"4

128((,““9(143) ] + o).

v
r

A
:g e2Pop2 _ T(l + DAU64)

. A 2M
— e2ﬂ0 [5 (R[Q] + gCABCA ) + QDAa ,80 + 48A/308 %30] — — 4 0( 1)

A
3Cap = 2% [(au — 1)qap + 2D U, — DCquAB} |




Holographic flelds A +0

SFG gauge

3

3 boumdarfj ODEs

B
w_—

3 flux-balance Laws

(O + gz)MU‘) + EDAJ\QE{‘)

Bondi gauqge
(2+1 boundary split)

A
e odul  gap(ded U du)(dz® — UL du)

— Nf(xA) Jap + %]W(A)(IAB

r(A (A)
_ayw 2y }

1 ,
M® =M + (9 +1)(CepC?),
3 1 3 1 3 ]
NN = Ny — = DB(Nyp — =1Cup) — “04(<R]q] — =CcpC°P
A A oA (Nap 5 AB) 1 A(A 4] 3 CcD ),
3 1 A , 1
Jap =— 864 — e [au(NAB - §ZCAB) - E(IABCCD(NCD - 510017)}
3 1
- F(DADBl — §QABDCDCZ)

1 , 1
- K(D(ADCCB)C - §QABDCDDCCD)

5 , 1
+Cyp [ECC'DCCD + ﬂR[(I]] :

A A?

—CupJ =0.
+24 AB

A

(Ou + N — 9, MW — 5 D% Jas =0.



More holographic fields for A =0
Bondi gauqge

i\
gewo du” + qar(de’—liidu)(dzs — USdu)

SFG gauge

M, Na,Cap, Dag,Bap, Fap, -

Conskrainks

0ugaB = lqap + QD(AU%) — DUlqap

A o1 1
OuNg = DM + EDA(NBCCBC) — ZNBCDACBC
1 1
— 4 Dp(CPNac = NFCac) =  DpDPDCac
1 1 .
+ ZDBDADCc'BC + ZCABDBR-

infinite number of
boumdarv ODEs /
flux-balance Laws

see [Barnich,Troessart, 2012]




Boundary gauge condition:
Definition of A-BMS

o Cal atwajs be reached

o Does not constraint the Cauchy probi.em



Symmelry generators
Preserving SFG gauge: DYF(S2)xWeyl

=1,
=Y+ 14 I =—0pf / dr' (¥ g"P),

1
— _g(@AYA — 2w+ Dl = OpfU” + S fg7'0ug),

arf =0 = 87-YA

?TESQTVEMS {MT&L‘%QT‘ bOMMdeT'j gauqe:
el () | T

W

~lak spa&a&ime Limik: LSl



(Soft) Algebra / Algebroid

A

ngau‘*_},}AaA

A , 1
f=Y0afs+ §f1DAY2A — (1 2),

A A
Y4 = YlBaBYQA — §f1qABan2 — (1 2).

The structure aoms%m&s of the A-BMS
algebra are field-dependent.

in the flat Limit, the structure constanks
are field-independent and reproduce the
generalized BMS algebra.



D

d

D

A-BMS: Surface charqges

dk’&,ren [5¢ (25] — Wren [5£¢a 00; (b]

Charqges are finite thanlks ko renormalization
Charges are neither conserved or inteqrable ELE
Charges associated with Weyl are zero

They obey the surface charge algebra

[¢] = 0He[0] + E¢l09; ¢,




Completeness of A-BMS

Number of flux-balance Laws: d-1

3 A A?

(0 + 5z)M<A> + gDANgA) + ﬁCABJAB = 0.

A
0, + NN _ g, M® __DBJ, 5 =0,
A 92

Number of generators: d-1 : £, YA

Number of charqes: d-1 : M@, NV

In comparison with DUE(S3) studied in [Anninos,Ng,Strominger,2011 ] the A-BMS grougoid Ls
the subset of DIFF(S2) associated with non-trivial flux-balance laws / Ward identities



Symplectic structure and
(AYSS equiv&i.em& of Bondi shear/Mews

Action with holographic counterterms

1 / B/ (2K + 1 (R[Y]). [Balasubramanian,
Y

¢ Kraus]

Symplectic structure gets a contribution from the counterterm
oL {Sk‘@.mdaris,?aPadimi&riou,zcmﬁj

[&.C.,Marolf2o0%]

oL =

At the bc:ruwi&r:j, the orthogonal component of the symplectic
structure is

0
ng) =0, det(g(0)) =

(A)
_%NB

Jap + 2 MW qup

[&.C., Fioruccl, Ruzziconi, 2019]



Symplectic flux and the Cauchy problem

AdS case A < 0. Flat case A = 0. dS case A > 0.

In AdS, the Cauchy problem requires an
additional boundary condition
(standard or “leaky”)




Example of “lealky” boundary condition

(tdentification of
codimension 2
boundary metrics)

dAB = QZB

AdS case A < 0. AdS case A < 0.

Fix the tnitial data of both AdSS,
Then the Cauchy problem of the first AdS is well-defined.

Related example: [Almheiri, Hartman, Maldacena, Shaghoulian, Tajdini, 2019



Conclusion

o The extended BMS charge algebra (supertranslations and
DUE(S?) super-Lorentz transformations) is realized without
center at the past and future of null iwfimi&v (at spatial and
timelike infinity). The asymptotic symmetry group at spatial
infinity therefore includes the extended BMS group.

o The extended BMS asymptotic symmetry algebra leads to a
pre«ferred definition of the quantized angular momentum,
which differs from many existing classical presecriptions.

o The extended BMS charge algebra admits a natural extension
to (A)dS: the A-BMS algebroid. It is the asymplotic symmetry
group of AL(AYLS spacetimes with “lealey bcumd&rv conditions”;
withoubt nkrinsic boumd&rv conditions (ex&ep& a bound\m’v
gauqge fixing condition that does not constraint the Cauchy
erobi.em) but with exkernal bouv\c{arv conditions,



